In this paper we extend work of Kawamura, see [3] , for CuntzKrieger algebras O A for infinite matrices A. We generalize the definition of branching systems, prove their existence for any given matrix A and show how they induce some very concrete representations of O A . We use these representations to describe the Perron-Frobenius operator, associated to an nonsingular transformation, as an infinite sum and under some hypothesis we find a matrix representation for the operator. We finish the paper with a few examples.
Introduction
The interactions between the theory of dynamical systems and operator algebras are one of the main venues in modern mathematics.
Exploring this interplay Kawamura, see [3] , recently showed that the 1 The author would like to thank Wael Bahsoun for bringing Kawamura´s, [3] , paper to his attention.
2 partially supported by a grant from FAPESC, Brazil the necessity of an extra hypothesis in the definition of a branching function system given in [3] . The other problem is in the statement of theorem 1.2 of [3] , where BA should read A T B. We will deal with both these cases when introducing our generalized versions of the theory of [3] .
We organize the paper in the following way: In the remaining of the introduction we quickly recall the reader the main definitions of [3] and show the need for an extra hypothesis in the definition of a branching function system. In section 2, we define branching systems for infinite matrices A, which we denote by A ∞ . We deal with the existence of A ∞ branching systems for any given matrix A (infinite or not) and show how they induce representations of O A in section 3.
Next, in section 4, we use the representations introduced in section 3
to describe the Perron-Frobenious operator as an infinite sum; we also present the generalizide and corrected version of theorem 1.2 of [3] in this section. We finish the paper in section 5 with a few examples.
Given a measure space (X, µ), let L p (X, µ) be the set of all complex valued measurable functions f such that f p < ∞. For a nonsingular transformation F : X → X (that is, µ(F −1 (A)) = 0 if µ(A) = 0) let P F : L 1 (X, µ) → L 1 (X, µ) be the Perron-Frobenius operator, that is,
ψ(x)dµ, with respect to µ (see [4] for more details about the Perron-Frobenius operator).
In order to describe the Perron-Frobenius operators and representations of the Cuntz-Krieger algebras, Kawamura, in [3] , introduces
A-branching function system on a measure space (X, µ): a family
) of measurable maps and measurable subsets of X respectively, together with a nonsingular transformation F :
for all i = j, there exists the Radon-Nikodym derivative Φ f i of µ • f i with respect to µ and Φ f i > 0 almost everywhere in 
Next, a family {S(f
is obtained by defining π f (s i ) = S(f i ) (i = 1..N ), (where s i is one of the generating partial isometry in O A ), and using the universal property of O A . But it happens that the definition given above for an A-branching function system is not enough to guarantee that we get a representation of O A , in fact, it is not enough to prove most of the theorems in [3] . For example, let X = [0, 2], µ be the
As we seen, we need to add some extra hypothesis to the definition of an A-branching function system. Namely, we also have to ask that µ(
We should mention that this extra condition is satisfied in all the examples given in [3] . With this new definition of an A-branching function system in mind, we are now able to generalize it to the countable infinite case.
A ∞ -branching systems
For a measure space (X, µ) and for measurable subsets Y, Z of X,
Let A be an infinite matrix, with entries A(i, j) ∈ {0, 1}, for (i, j) ∈ N × N, and let (X, µ) be a measurable space. For each pair of finite subsets U, V of N and j ∈ N define
Definition 2.1 An A ∞ -branching system on a σ-finite measure space
) together with a nonsingular transformation F : X → X such that:
for each pair U, V of finite subsets of
N such that A(U, V, j) = 1 only for a finite number of j ′ s, u∈U D u v∈V (X \ D v ) µ−a.e = j∈N:A(U,V,j)=1 R j .
There exists the Radon-Nikodym derivatives
The existence of the Radon-Nikodym derivative Φ f i of µ • f i with respect to µ in D i together with the fact that 
Proof:
The first and the third equality are a consequence of the RadonNikodym derivative. The other two follow by the change of variable [2] there exists the Radon-
3 Representations of Cuntz-Krieger algebras for infinite matrices.
Representations of the Cuntz-Krieger algebras are of great importance, having applications both to operator algebras and to dynamical systems. In this section we show that for each A ∞ -branching system, there exists a representation of the unital Cuntz-Krieger C*-algebra
Following [1] , recall that the unital Cuntz-Krieger algebra of an infinite matrix A, with A(i, j) ∈ {0, 1} and (i, j) ∈ N × N is the unital universal C*-algebra generated by a family {S i } i∈N of partial isometries that satisfy: 
Proof:
First notice that for a given φ ∈ L 2 (X, µ) we have that
To obtain the second equality we have considered the Radon-Nikodym
with respect to µ in R i and the last equality is an application of the change of variable theorem.
So, we define the operator
for each φ ∈ L 2 (X, µ). By using the above computation, we see that
Our aim is to show that {φ(S i )} i∈N satisfies the relations 1-4 which define the Cuntz-Krieger algebra O A . With this in mind, let us first determine the operator ψ(S i ) * .
...by using the change of variable theorem...
Using proposition 2.2 again, it is easy to show that
Now we verify if {π(S i )} i∈N satisfies the relations 1-4, which define the C*-algebra O A . The first relation follows from the fact that µ(R i ∩ R j ) = 0 for i = j. The second one is trivial.
To see that the third relation is also satisfied, recall that if A(i, j) = 0 then µ(R j ∩ D i ) = 0 and hence
and if A(i, j) = 1 then µ(R j \ D i ) = 0 and hence
To verify the last relation, let U, V be finite subsets of N such that A(U, V, j) = 1 only for finitely many j ′ s.
Then, by definition 2.1:5,
On the other hand,
This shows that the last relation defining O A is also verified.
So, there exist a *-homomorphism
The previous theorem applies only if an A ∞ -branching system is given. Our next step is to guarantee the existence of A ∞ -branching systems for any matrix A. First we prove a lemma, which will be helpful in some situations. . Then, given U, V finite subsets of N , we have that (where
Note that f i and F are measurable maps. Moreover, µ • f i and
are σ-finite measures in D i and R i . Next we show that there
• R j )) = 0, and this equality is true by [5] .Then, by [2] ,there exist the desired nonnegative Radon-Nikodym derivative Φ f i . In the same way there exists the
with respect to µ in R i . We still need to show that F is nonsingular. For this, let A ⊆ [0, ∞) be such that µ(A) = 0. Notice that it is enough to
, (where the last equality follows from the fact that
, and hence µ(F −1 (A)) = 0 as desired.
Corollary 3.4 Given an infinite matrix A, there exists a representa-
µ is the Lebesgue measure.
The Perron-Frobenious Operator
We now describe the Perron-Frobenious operator using the representations introduced in the previous section.
Theorem 4.1 Let (X, µ) be a measure space with a branching system as in definition 2.1 and let ϕ ∈ L 1 (X, µ) be such that ϕ(x) ≥ 0 µ-a.e..
If supp(ϕ)
Proof: The first assertion follow from the fact that for each measur-
To prove this equality, we will use the Radon-Nikodym derivative of µ • f i , the change of variable theorem and the fact that
Given A ⊆ X a measurable set we have that
We now prove the second assertion. For each
...by the Lebesgue's Dominated Convergence Theorem...
Moreover, the sequence (P F (ϕ N )) N ∈N is µ -a. e. increasing and bounded above by P F (ϕ).
Then,
Therefore, lim
, and a simple calculation shows that
So, we conclude that χ R j . Note that
and so the element (j, z) of the matrix representation of P F | W is b z A(z, j). Finally, let
Examples
) is an A ∞ branching system and hence induces a representation of the CuntzKrieger algebra O ∞ . 
